Abstract. In this paper, we concern with SLLN for sums of independent random upper-semicontinuous fuzzy sets. We first give a generalization of SLLN for sums of independent and level-wise identically distributed random fuzzy sets, and establish a SLLN for sums of random fuzzy sets which is independent and compactly uniformly integrable in the strong sense. As a result, a SLLN for sums of independent and strongly tight random fuzzy sets is obtained.
Introduction
Since Puri and Ralescu [16] introduced the concept of fuzzy random variables, there has been increasing interest in limit theorems for fuzzy random variables because of its usefulness in several applied fields. Among others, strong laws of large numbers for sums of independent fuzzy random variables have been studied by several people. Klement, Puri and Ralescu [13] proved some limit theorems which includes a SLLN. Inoue [8] obtained a SLLN for sums of independent tight fuzzy random sets. Hong and Kim [7] studied Marcinkiewicz-type law of large numbers for fuzzy random variables under additional assumption. Molchanov [15] gave a short proof of SLLN for i.i.d. fuzzy random variables. Joo and Kim [11] obtained a SLLN for independent and levelwise identically distributed fuzzy random variables.
In this paper, we first give a generalization of the result in Joo and Kim [11] in a more general setting. Also, we establish a SLLN for sums of random fuzzy sets which is independent and compactly uniformly integrable in the strong sense and satisfy Chung's condition.
Preliminaries
Let K(R 
It is well-known that K(R p
) is complete and separable with respect to the Hausdorff metric h ( See Debreu [6] ). The addition and scalar multiplication on K(R p ) are defined as usual:
In what follows, clA denotes the closure of a set A ⊂ R (1)ũ is normal, i.e., there exists x ∈ R p such thatũ(x) = 1; (2)ũ is upper semicontinuous;
For a fuzzy setũ in R p , the α-level set ofũ is defined by
Then, it follows immediately that for each α ∈ [0, 1],
The linear structure on F(R p ) is defined as usual;
) and λ ∈ R, where0 = I {0} denotes the indicator function of {0}. Then it is known that for each α ∈ [0, 1],
Then the followings hold; 
Proof. See Lemma 2.2 of Joo and Kim [10] .
then it follows that for 0 ≤ α < β ≤ 1,
and
Proof. See of Lemma 2.3 of Joo and Kim [10] . Now, in order to generalize the Hausdorff metric on
Also, the norm ofũ is defined as
|x|. 
where t(ṽ) denotes the composition ofṽ and t.
Main results
Throughout this paper, let (Ω, A, P ) be a probability space. A setvalued function X :
It is well-known that the measurability of X is equivalent to the measurability of X considered as a map from Ω to the metric space
The expectation of integrably bounded random set X is defined by
where
It is well-known that if X and Y are integrably bounded random sets, then
The following SLLN for random sets was proved by Artstein and Vitale [2] and generalized by Artstein and Hansen [1] .
where co(EX 1 ) denotes the convex hull of EX 1 .
The above SLLN for random sets was generalized to the case of independent and compactly uniformly integrable random sets by Taylor and Inoue [17] , Uemura [18] . Note that {X n } is called compactly uniformly integrable if for each > 0 there exists a compact subset A of the metric space K(R p ) endowed with the Hausdorff metric h such that
Theorem 3.2. Let {X n } be a sequence of independent random sets. If {X n } is compactly uniformly integrable and
Now we want to generalize the above SLLN for random sets to the case of independent random fuzzy sets with respect to the metric d ∞ defined as in (2.4). In earlier works which include Hong and Kim [7] , Inoue [8] and Klement et al. [13] , the metric d 1 defined as in (2.3) have been used. SLLN with respect to the metric d ∞ can be found in Molchanov [15] , Joo and Kim [11] and SLLN with respect to the metric d s in Joo [9] .
A fuzzy set valued functionX :
is measurable when considered as a function from Ω to [0, 1] . This definition of measurability for a fuzzy set valued function was introduced by Butnariu [4] . [12] shows that a random fuzzy set can be identified with a random element of the metric space F(R p ) endowed with the metric d s . A random fuzzy setX is called integrably bounded if E X < ∞. The expectation of integrably bounded random fuzzy setX is a fuzzy subset
It is well-known that ifX andỸ are integrably bounded random fuzzy sets, then
We will also need the concepts of the convex hull of a fuzzy set in R It follows from Lowen [14] that for all α ∈ [0, 1], The following theorem is a generalization of Joo and Kim [11] . 
, we obtain by Theorem 3.1,
This completes the proof. 
Example. Letũ ∈ F(R
i.e.,X n (ω) is the translation ofũ by Y n (ω). Now for each α ∈ [0, 1],
Hence, E(L α X 1 ) = L αũ ⊕ {EY 1 } and so EX 1 =ũ ⊕ EY 1 , i.e., (EX 1 )(x) =ũ(x − EY 1 ). By the above theorem, we have
We note that co(
and co(EX 1 ) = EX 1 =ũ ⊕ EY 1 . Thus, in this case,
Definition 3.5. Let {X n } be a sequence of random fuzzy sets.
(1) {X n } is said to be tight if for each > 0 there exists a compact
If A is compact relative to d ∞ -topology, then {X n } is said to be strongly tight. 
If A is compact relative to d ∞ -topology, then {X n } is said to be compactly uniformly integrable in the strong sense.
Now we wish to obtain SLLN for independent and strongly compactly uniformly integrable random fuzzy sets. To this end, we need the following lemmas. 
This gives the desired result.
) and {λ n } be a sequence of 0 and 1's. Then
Proof. (1) By Lemma 3.7, we have
(2) Let k n be the number of
This completes the proof.
Now we state one of our main theorems which is a generalization of Theorem 3.2.
Theorem 3.9. Let {X n } be a sequence of independent random fuzzy sets. If 
Proof. The proof will be proceeded by similar arguments in Taylor and Inoue [17] , Uemura [18] . Let > 0 be given. By compactly uniform integrability in the strong sense, there exists a compact subset K of
∈ B s by Remark 1 of Kim [12] . Now let us denote
Then for each n,
For (I), first we note that
: n ≥ 1} is a sequence of independent realvalued random variables and 
Thus, by construction ofỸ n ,
so that for all n,
For (III), it follows from Lemma 3.8(2) that 
we have by Theorem 2.3 of Daffer and Taylor [5] ,
For (V), it follows from (3.5) that
< for all n.
Finally, for (VI), we have from (3, 4) ,
Therefore, we conclude that lim sup
Eco(X i )) ≤ 4 a.s.
This completes the proof. for all n, then {X n / ∈A} X n dP < for all n.
Therefore, condition(3.2) is satisfied. Condition (3.3) of Theorem 3.9 is easily satisfied by (2).
Remark.
It remains open problem whether SLLN with respect to the metric d s hold if strong tightness and compactly uniform integrability in the strong sense are replaced by tightness and compactly uniform integrability, respectively. The difficulties arise from the fact that the d s is not translation invariant and that the inequality d s (EX, EỸ ) ≤ E(d s (X,Ỹ )) does not hold.
